The purpose of this article is to examine the Hasse invariants of certain elliptic curves defined over ~ admitting complex multiplication. This was motivated by a desire to understand some of Mazur's results [7] on anomalous primes. In parti- in detail. Deuring's formula for the Hasse invariant takes on a particularly simple form in these 2 cases. By combining this fact wd. th some standard facts in the theory of complex mul tiplj_-cation 9 one can obtain information about the Hasse invariant.
e,g. if f = 2 , then C has no anomalous primes.
The first section of this paper establishes notation and underlying assumptions and collects together several well-known results and their consequences, which we shall use throughout the 2 3 succeeding sections. Next we discuss the curves Y = X + a 4 x 9 and in the third section we consider the curves Y 2 = X3+ a 6 .
The final section is devoted to the general phenomenon of anomalous primes for elliptic curves admitting complex multiplication. § 1. Some classical results and their consequences.
Let C be an elliptic curve defined over ~ , i.e. a nonsingular complete curve of genus 1 one may assume that C is given by the affine equation ( 1. 4) i.e. that a 1 = a 2 = a 3 = 0 • In this case~ a classical result of Deuring [2] gives an explicit formula for the Hasse invariant of c in terms of and Theorem 1.1 (Deuring) o Let C be an elliptic curve defined 2 3 over lQ given by the affine equation Y = X + a 4 x + a 6 with a 4~a6 E ~ • Let p > 5 be a prime where C has good reduction.
Let P = (t)(p-1)
Then the Hasse invariant of C at p is given by L:
i>o 9 h>o 2n+3i-;P Pl h ai ilh!(P-h-i)! a4 6 (mod p ) ( 1 • 5) A proof may be found either in Deuring [2] or Manin [6] .
Let p be a prime where C has good reduction, Then the zeta-function of C over ~/p has the form where 1-f t+pt 2 Z(t) = (1-¥) {T-pt) is the trace of the Frobenius F p ( 1 • 6) where N is the number of points on C which are rational over The connection between fp and the Hasse invariant is given by the following result. A proof may be found in either Manin [6] or Honda [4, 5] .
One of the important consequences of this is that, combined with the Riemann hypothesis, it allows one to read off the value of fp and thus NP from the value of the Hasse invariant for almost all primes p • Corollar;y: 1.4. Let c be an elliptic curve over ~ and p a prime where 0 has good reduction.
( 1 ) Throughout this section we assume that C is an elliptic curve defined over 2 3 given by Y = X + a 6 with a 6 E ~ • Such curves admit complex multiplication by a primitive 3-rd root of 1 • One reason for considering these curves is that they provide an interesting example of the phenomenon of anomalous primes. Remark. In the proof of Proposition 3.1, we could have proved 2) more easily by using 3). However, we will later have use for formula (3.1) which we derived above. (ii) -(p 2 +1 )/3 < s < (p 2 -1 )/3 (4) 2l(n-s) 9 i.e. n and s have the same parity.
Proof: Let a 6 = 1 •
(1) Apply Proposition 3.1 and Corollary 3.2.
(2) As in the proof of part (2) and 1 are n-th power residues mo-(3n) must also be an n-th power residue in order for n p to anomalous for C • This is equivalent to requiring that (3n) 6 -1 (mod p), i.e. that ( 3 n) is a root of x 6 -1 = O(modp). n n Example.
residue.
Let n = (mod 13)
It is not always true that 2 , p = 1 3 • Then ( 3:) = ( ~) = and c 3 n) 6 = 2 6 = -1 (mod 13) • n is an n-th power
' so
We are therefore interested in determining when is an n-th power residue, i.e. when ( 3 :) is a 6-th root of 1 modulop.
x 6 -1 = (X3+1)(X3-1) = (X+1)(X 2 -X+1)(X-1)(X 2 +X+1) • We know that we discover that only p = 7 and p = 13 need be excluded.
Remark. Note that we have ~ proved that if p is a member of the quadratic progression 36x 2 + 30x + 7 (and p I 7, 13), then (3n) is a primitive 3-rd root of 1 • n We are however, much more interested in the case where is a primitive 6-th root of 1 as the following proposition indicates. Let p = 6n + 1 be a prime. Write ( 3n) = 2 + 6s n 1 1
(mod p) with -2p 2 < 2 + 6s < 2p 1 r as in Proposition 3. 3. Then the following conditions are equivalent:
(2) (3n) is a primiteve 6-th root of 1 modulo p n ( 3) 12s 2 + 6s + 1 = 0 (mod p)
2 p = 12s + 6s + 1 Proof: ( 1 ) <=> (2) Clear.
( 1 ) <=> (3) ( 3n) = 2 + 6s (mod p) ' so n obtain 12s +6s+ 1
< ( In addition 9 we can study such primes more closely to determine conditions on a 6 with respect to p i.n order that p be an anomal- 
Fp is a root of the characteristic
We have then Np = p + 1 + x ( a 6 ) rr + x ( a 6 ) rr
Exam£le. Let n = 2 ' p = 13 • Let c be given by y2 = x 3 + 2 9 so that a2 = 2 • 2 is a primitive root modulo 13 9 so X ( a 6 ) = s, 
